NON-FINITENESS PROPERTIES OF FUNDAMENTAL GROUPS 
OF SMOOTH PROJECTIVE VARIETIES 



ALEXANDRU DIMCA, §TEFAN PAPADIMA 1 , AND ALEXANDER I. SUCIU 2 

Abstract. For each integer n > 2, we construct an irreducible, smooth, com- 
plex projective variety M of dimension n, whose fundamental group has infinitely 
generated homology in degree n + 1 and whose universal cover is a Stein mani- 
fold, homotopy equivalent to an infinite bouquet of ra-dimensional spheres. This 
non-finiteness phenomenon is also reflected in the fact that the homotopy group 
7r n (M), viewed as a module over Ztti(M), is free of infinite rank. As a result, we 
give a negative answer to a question of Kollar on the existence of quasi-projective 
classifying spaces (up to commensurability) for the fundamental groups of smooth 
projective varieties. To obtain our examples, we develop a complex analog of a 
method in geometric group theory due to Bestvina and Brady. 



1. Introduction and statement of results 

1.1. Let M be an irreducible, smooth complex projective variety, with fundamental 
group G = 7Ti(M). Groups G arising in this fashion are called projective groups. 
Except for the obvious fact that projective groups are finitely presentable, very little 
is known about their finiteness properties. The aim of this note is to answer several 
questions in this direction. 

The classical finiteness conditions in group theory that we have in mind are: 

(i) Wall's property T n {n < oo), requiring the existence of a classifying space K(G, 1) 
with finite n-skeleton. Note that T\ is equivalent to finite generation, whereas JF 2 is 
equivalent to finite presentability of G. 

(ii) Property FP n (n < oo), requiring the existence of a projective Zc7- resolution of 
the trivial C7-module Z, which is finitely generated in all dimensions < n. Note that 
the FP n condition implies the finite generation of the homology groups Hi(G, Z), for 
all i < n. Clearly, if G is of type T n , then G is of type FP n . It follows from [36J that 
the converse also holds, provided G is finitely presentable, and n < oo. 
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(iii) Finiteness conditions related to the cohomological dimension of G, defined as 
cd(G) = sup { i | H % {G, A) ^ 0}, where A ranges over all ZG-modules. 

We refer to the works of Bieri [5] , Brown [7] , and Serre [29] for detailed information 
on finiteness properties of groups. 

1.2. The first question we consider here was formulated by J. Kollar in [191 §0.3.1]: 
Is a projective group G commensurable (up to finite kernels) with another group G' , 
admitting a K(G', 1) which is a quasi-projective variety? 

Note that necessarily G' must have a finite K(G', 1), since every quasi-projective 
variety has the homotopy type of a finite CW-complex, see e.g. pUi p. 27]. For a 
discussion of various commensurability notions, we refer to §2.61 

The second problem we examine here is related to the Shafarevich conjecture |30j . 
as reformulated in geometric finiteness terms by Kollar, in [T9J, 0.3.1.1-0.3.1.2]: What 
other kind of finiteness properties are imposed on the group G = m(M) by the Stein 
property of the universal cover, Ml 

Recall that a Stein manifold is a complex manifold which can be biholomorphically 
embedded as a closed subspace of some affine space C r . A classical result of Andreotti 
and Frankel [[2] asserts that a Stein manifold of (complex) dimension n has the 
homotopy type of a CW-complex of dimension at most n. 

1.3. The first example of a finitely presented group with infinitely generated third 
homology group is due to J. Stallings [33] . A systematic way of constructing groups 
N of type JF„, but not of type FP n+ i, was found by M. Bestvina and N. Brady 
[I]. These authors start with a finite graph T = (V, E), and consider the associated 
right-angled Artin group Gp, with a generator v for each vertex in V, and with a 
relation uv = vu for each edge in E. The Bestvina-Brady group Np is then defined 
as the kernel of the homomorphism v: Gp — > which sends each generator v to 1. 

The group Gr admits as classifying space a subcomplex Kp of the torus of di- 
mension |V|, with cells in one-to-one correspondence with the simplices of the flag 
complex Ap. Bestvina and Brady had the remarkable idea of exploiting the natural 
affine cell structure of the universal cover, Kp, and to do a geometric and combina- 
torial version of real Morse theory on Kp. In this way, they were able to establish 
a spectacular connection between the finiteness properties of the group Np, and the 
homotopical properties of the simplicial complex Ap. 

It was noticed in [28] that the Stallings group may be realized as the fundamental 
group of the complement of a complex line arrangement in P 2 . In [14], we identified a 
large class of Bestvina-Brady groups which are quasi-projective, yet are not commen- 
surable to any group admitting a classifying space which is a quasi-projective variety. 
Starting from a group Gr which is a product of r > 3 free groups on at least two 
generators, we showed that Np = tti(H), where H is the generic fiber of an explicit 
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polynomial map, h: X — > C*, and X = C r \{h = 0}. Thus, is the fundamental 
group of an irreducible, smooth complex affine variety of dimension r — 1. On the 
other hand, H r (Nr] Z) is not finitely generated, and so N? is not of type FP r . 

1.4. In this paper, we develop a complex analog of the Bestvina-Brady method, 
well adapted to construct projective groups with controlled finiteness properties. 
This leads to answers to the two questions mentioned in §1.2[ as follows. 

Theorem A. For each r > 3, there is an (r — 1) -dimensional, smooth, irreducible, 
complex projective variety H, with fundamental group G, such that: 

(1) The homotopy groups 7Ci(H) vanish for 2 < i < r — 2, while 7r r _ 1 (if) ^ 0. 

(2) The universal cover H is a Stein manifold. 

(3) The group G is of type T r -\, but not of type FP r . 

(4) The group G is not commensurable (up to finite kernels) to any group having 
a classifying space of finite type. 

Our method actually yields stronger results (see Corollary I5.4p : the first non- 
vanishing higher homotopy group ir r -i(H) from (JTJ) is a free Z7r 1 (if)-module, with 
geometrically computable system of free generators, and the universal cover H in ([2]) 
has the homotopy type of a wedge of (r — l)-spheres. Similar results were obtained 
in [12], for open, smooth algebraic varieties H . 

Theorem lAl gives a negative answer to Kollar's question: by Part (jl]), the group 
G is not commensurable (up to finite kernels) to any group G' admitting a K(G', 1) 
which is a quasi-projective variety. 

As for the second question, it is easy to show that the Stein property of the 
universal cover of a smooth projective variety M forces the cohomological dimension 
of the projective group G = tti(M) to be larger than the complex dimension of M; 
see Proposition 15. 71 On the other hand, there is no implication of the Stein condition 
at the level of FP* finiteness properties of G. To see this, compare smooth projective 
curves C of positive genus, for which C is Stein and C is aspherical, to the varieties H 
in Theorem \A\ for which H is Stein, yet tti(H) is not of type FP r , for r = dim H + 1. 

Finally, let us note that Theorem [A] also sheds light on the following question 
of Johnson and Rees [18] : are fundamental groups of compact Kahler manifolds 
Poincare duality groups of even cohomological dimension? In [35], Toledo answered 
this question, by producing examples of smooth projective varieties M with iri(M) 
of odd cohomological dimension. Our results (see Theorem 15 . 21 (13]) ) show that funda- 
mental groups of smooth projective varieties need not be Poincare duality groups of 
any cohomological dimension: their Betti numbers need not be finite. 
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1.5. We start by establishing a general relationship between the finiteness properties 
of proper normal subgroups iV of a finitely generated group G, with G/N torsion- 
free abelian, and the structure of certain subsets of the complex algebraic torus 
T G = Hom(G,C*). 

By definition, the characteristic varieties of G are the jumping loci for the homol- 
ogy of G with coefficients in rank one complex local systems: 

(1) V°(G) = {p e T G | dim c H 8 (G, C p ) > t} . 

If G is of type FP n , it is readily seen that V/(G) is an algebraic subvariety of T G , 
for s < n. If G is finitely presented, the varieties V}{G) may be computed directly 
from a presentation of G, using the Fox free differential calculus, see e.g. [T7j . 

The importance of these varieties emerged from work of S.P. Novikov [27J on Morse 
theory for closed 1-forms on manifolds. As shown by Arapura [3], the characteristic 
varieties V\(G) provide powerful obstructions for deciding the realizability of G as 
the fundamental group of a smooth quasi-projective variety. We refer to [13] for 
various refinements in the case of 1-formal groups, in particular, projective groups. 

Theorem B. Let G be a finitely generated group. Suppose v: G — > A is a non-trivial 
homomorphism to a torsion-free abelian group A, and set N = ker(z/). IfV[(G) = T G 
for some integer r > 1, then: 

(1) dim c #<r(iV,C) =oo. 

(2) iV is not commensurable (up to finite kernels) to any group of type FP r . 

The proof is given in Section [21 The theorem applies to groups of the form G = 
X j =1 7i"i((7j), with each Cj a smooth complex curve of negative Euler characteristic. 

1.6. As noted by Deligne [9], every finitely presentable group can be realized as 
the fundamental group of an algebraic variety X (which can be chosen as the union 
of an arrangement of affine subspaces in some C n ). Insisting that A be a smooth 
variety, though, puts some stringent conditions on what groups can occur; see the 
monograph [lj as a reference, and [13] for some recent developments. 

We set out here to construct new, interesting examples of projective groups. With 
Theorem [B] in mind, we adopt the viewpoint of realizing these new groups as sub- 
groups of known groups, rather than extensions of known groups. 

A convenient setup is provided by irrational pencils, that is, holomorphic maps 
h: X — > E between compact, connected, complex analytic manifolds, with target a 
curve E with x{E) < 0, and with connected generic fiber. Let p: E — > E be the 
universal cover, and denote by h : X — > E the pull-back of h via p. Clearly, the maps 
h and h have the same fibers; let H be the common smooth fiber. Using complex 
Morse theory on X, we obtain the following. 
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Theorem C. Let h: X — > E be an irrational pencil. Suppose h has only isolated 
singularities. Then: 

(1) 7r,(X, H) = 0, for all i < dimX. 

(2) If, moreover, dimX > 3, the induced homomorphism hf. tt\{X) — > tti(E) is 
surjective, with kernel isomorphic to tti(H). 

The proof is given in Section [3l For more on complex Morse theory, see Looijenga's 
book [23], especially Section 5B. 

A concrete family of examples is constructed in Section |H Starting with an elliptic 
curve E, we take 2- fold branched covers fj - Cj — * E (1 < j < r), so that each 
curve Cj has genus at least 2. Setting X = Yl^i^ji we see that X is a smooth, 
projective variety, whose universal cover is a contractible, Stein manifold. Moreover, 
V[(7Ti(X)) = T ni (x)- Using the group law on E, we can define a map h: X — > E by 
h = Y^j=i fji f° r r — 2- Under certain assumptions on the branched covers fj, we 
show that the smooth fiber of h is connected, and h has only isolated singularities. 

Invoking now Theorems [B] and [0 completes the proof of Theorem [K\ Details and 
further discussion are given in Section [5l 

2. Characteristic varieties and finiteness properties of subgroups 
This section is devoted to the proof of Theorem [B] 

2.1. Fix a positive integer m. Let T m = Hom(Z m ,C*) be the character torus of 
Z m , and let A = CZ m be its coordinate ring. Note that A is isomorphic to the 
ring of Laurent polynomials in m variables. In particular, A is a noetherian ring, of 
dimension m. 

Lemma 2.2. Let A be a A-module which is finite- dimensional as a C-vector space. 
Then, for each j > 0, the set 

A r .= {peT m \Torf(C p ,A) = 0} 

is a Zariski open, non-empty subset of the algebraic torus T m . 

Proof. Pick a free A-resolution F, A, with Fj = A Cj , and view the differen- 
tials d j : A Cj — > A -?' -1 as matrices with entries in A. For a character p e T m , let 
dj(p) : C Cj — > C^ -1 be the evaluation of dj at p. Clearly, p G Aj if and only if 

rankdj + i(p) + rank (p) > Cj, 

a Zariski open condition on p. Assuming Aj to be empty, we derive a contradiction, 
as follows. 

Let / G Ann\(A). Denote by pf the homothety induced by / on A- modules. Since 
pj = on A, pj must induce the zero map on Tor^(C p , A), for any p G T m . In turn, 
this map may be computed by using pf on F,. It follows that the homothety pf^ 
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on C Cj induces the zero map on Toif(C p , A), which is a non-zero C-vector space, by 
our assumption on Aj. Hence, f(p) = for any p G T m , i.e., / = in A. This shows 
that Ann A (A) = 0. 

Now recall that dime A < oo, which implies that the A- module A is both noether- 
ian and artinian, therefore of finite length. So, dim(A/AmiA(^4)) = 0, by standard 
commutative algebra. But dim(A) = m > 0, a contradiction. □ 

2.3. Let G be a finitely generated group, and suppose v: G — > Z m is an epimor- 
phism. Writing N = ker(z/), we have an exact sequence 

(2) 1 N G — ^ Z m • 

Denote by v*\ T m = Hom(Z m ,C*) -> T G = Hom(G,C*) the induced map between 
character tori. 

Theorem 2.4. Assume that dim^ H< r (N, C) < oo. T/ien i/iere zs a Zariski open, 
non-empty subset U C T m siicA t/iat H< r (G, C u * p ) = 0, for any p <E U. 

Proof. By Shapiro's Lemma, H*(N,C) = H*(G,A). Let us examine the spectral 
sequence associated to the base change p: A —* C, for a fixed character p e T m : 

E s 2 t = Tor^(C p , H t (G, A)) ^ H s+t (G, C^ p ) , 

see pi| Theorem XII. 12.1]. A finite number of applications of Lemma I2T21 guarantees 
the existence of a Zariski open, non-empty subset U C T m , such that E 2 st vanishes, 
provided s,t < r, and p £ U. The conclusion follows. □ 

Remark 2.5. If G admits a finite K(G, 1), Theorem 12.41 also follows from Novikov- 
Morse theory; see [IB] , Proposition 1.30 and Theorem 1.50. See also [15], Theorem 1 
for a related result, under the same finiteness assumption on G. 

2.6. Two groups, G and G', are said to be commensurable if there is a group 7r and 
a diagram 

G G' 

\ / 

7T 

with arrows injective and of cofinite image. The two groups are said to be commen- 
surable up to finite kernels if there is a zig-zag of such diagrams, connecting G to G', 
with arrows of finite kernel and cofinite image. Commensurability implies commen- 
surability up to finite kernels, but the converse is not true in general. Nevertheless, 
the two notions coincide if one of the two groups is residually finite. For details on 
all this, see the book by de la Harpe §IV.B.27-28]. 

Proposition 2.7. Suppose G and G' are commensurable up to finite kernels. Then 
G is of type FP n if and only G' is of type FP n . 
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This is an immediate consequence of the following two results of Bieri. 

Lemma 2.8 ([5], Proposition 2.5). Let it be a finite-index subgroup of G. Then G 
is of type FP n if and only if it is. 

Lemma 2.9 ([5], Proposition 2.7). Let l—>-N^G^Q^l be an exact sequence 
of groups, and assume N is of type FP^ . Then G is of type FP n if and only if Q is. 

2.10. We are now in position to finish the proof of Theorem [B] Recall we are given a 
finitely generated group G, and a non-trivial homomorphism v: G — > A to a torsion- 
free abelian group A. Write N = ker(z/). Note that im(V) = Z m , for some m > 0. 
Without loss of generality, we may assume v is surjective, so that we have the exact 
sequence @. 

Part ([1]). By assumption, there is an integer r > such that V{(G) = T G ; that is 
to say, H r (G, C p ) + 0, for all p G T G . By Theorem [231 dim c H< r {N, C) = oo. 

Part By Part ([I]), the group N is not of type FP r . The conclusion follows 
from Proposition 12.71 □ 

2.11. We conclude this section with some simple examples of groups G to which 
Theorem Q3] applies. 

Lemma 2.12. Let G = X^ =1 Gj be a product of finitely generated groups. If 
V\{Gi) = T G . ; for all i, then V[(G) = T G . 

Proof. For a character p 6 Tq, denote by p^ 6 T Gi the restriction of p to Gj. By the 
Kiinneth formula, H r (G, C p ) D (£)l =1 Hi(Gi, C P J, and the tensor product is non-zero, 
by hypothesis. □ 

Example 2.13. Let G be the fundamental group of a smooth (not necessarily com- 
pact) complex curve C, with x(C) < 0. Then V\{G) = To- Indeed, for any p G Tq, 
the Euler characteristic x(C, C p ) := dim H (C, C p ) — dimif 1 (C, C p ) + dim H 2 (C, C p ) 
equals x(C), and the claim follows. 

Using Lemma I2.12[ Example 12.131 and Theorem (Bj we obtain the following. 

Corollary 2.14. Let Ci, . . . , C r be smooth, complex curves with x{Cj) < 0, and let 
G = ni{lT j=1 C j ). Then: 

(1) V[(G)=T G . 

(2) If N is a normal subgroup of G, with G/N = Z m , for some m > 0, then N 
is not commensurable (up to finite kernels) to any group of type FP r . 

In this context, we should note that the FP n finiteness and non-finiteness prop- 
erties of subgroups of finite products of surface groups were analyzed by Bridson, 
Howie, Miller, and Short [B], using different methods. The fact that the subgroup 
N from Corollary 12.14112] ) above cannot be of type FP r may be deduced from the 
results in [6j; our Theorem [Bl improves this to dime H< r (N, C) = oo. 
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Remark 2.15. As is well-known, fundamental groups of smooth complex curves are 
residually finite. Hence, the product groups G (and thus, their subgroups N) from 
above are also residually finite. Consequently, the two notions of commensurability 
are equivalent for such groups. Note however that there do exist projective groups 
which are not residually finite, see [Tj. 



3. A COMPLEX ANALOG OF BESTVINA-BRADY THEORY 

In this section, we prove Theorem ICl from the Introduction. 

3.1. Let X and E be compact, connected, complex analytic manifolds. Assume 
r := dimX > 1 and dimE = 1. Let h: X — > E be a holomorphic map, and denote 
by C(h) the set of critical points of h. Write E* =E\ h(C(h)) and X* = h' 1 {E*). 

Since h is a proper map, the restriction h* : X* — > E* is a topologically locally 
trivial fibration. The fibers H t = h~ l (t), with t e E*, are called the smooth fibers 
of h. Clearly, such fibers are homeomorphic to each other. The map h is called an 
irrational pencil if E is a curve of positive genus, and the smooth fiber of h, denoted 
H, is connected. 

So let h : X — > E be an irrational pencil, and consider the exact homotopy sequence 
of the fibration H "—>■ X* —> E*. Since H is connected, M is an epimorphism. 
Clearly, the inclusion i: E* — >• E induces an epimorphism if. tti(E*) — > 7Ci(E). It 
follows that h$ is an epimorphism as well. Hence, h$ induces an isomorphism 



(3) 



TnpO/ker^^TnCE) . 



3.2. Now let p: E — > E be the universal covering of E, and let h: X — > E be the 
pull-back of h along p. We get an induced mapping, p: X — > X, which is the Galois 
cover associated to the normal subgroup ker(/ij) C tti(X), as in diagram (BJ. 



(4) 




Note that E is either the complex afline line C (when genus(i?) = 1), or the open 
unit disc D (when genus(-E') > 1). Moreover, h: X — > E is a proper complex analytic 
mapping, with smooth fiber H. Assuming h has only isolated critical points, we infer 
that h has countably many isolated singularities. 
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Lemma 3.3. The space X is the union of an increasing sequence of open subsets 
X n , such that, for each n > 1, the set X n contains H , and the inclusion i n : H — > X n 
is an (r — l)-homotopy equivalence. 

Proof. Let 5* = E\h(C(h)) be the set of regular values for h. By applying a suitable 
automorphism to E, we may assume that 6 = belongs to S. For a fixed n, define 

X n = h-\D n ), 

with D n an open disc in E centered at b and of radius r n = n (when E = C), or 
r n — 1 — 1/n (when E — Hi). Clearly, X n contains H = h~ l (b). 

Consider a finite family of embeddings, 7 C : [0,1] — > D n , parametrized by the 
critical values c £ h(C(h)) D D n , such that 

(i) 7c (0) = 6, Tc (l) = c, 7c((0,l))c5; 

(ii) 7c([0,l])n T ^([0,l]) = 6, for c^c'; 

(iii) for each c £ h(C(h)) H D n , one can find a small closed disc D c C D n centered 
at c, disjoint from the paths 7</([0, 1]) for c ^ c'; 

(iv) 7c ([0, 1]) n dD c = 7 C (1 - 5), for the same 5, with 1 > 5 > 0. 

Let K n = |J C 7c([0, 1]) U |J C D c . Since /i is a fibration over S 1 , it follows that X n has 
the same homotopy type as /i _1 (K n ). Similarly, let L n = U c ^c([0, 1 — S}). Then L n is 
a contractible space and hence h~ l (L n ) has the homotopy type of H = /?, _1 (6). Note 
that /i _1 (i^ n ) is obtained from /i _1 (L n ) by replacing the fibers h~ l {^ c (l — 5)) by the 
corresponding tubes h^ 1 {D c ). Since we are in a proper situation, with finitely many 
isolated singularities, each such tube has the homotopy type of the central singular 
fiber /i _1 (c), which in turn is obtained from the nearby smooth fiber h~ 1 ( , y c (l — 5)) by 
attaching a finite number of r-dimensional cells. (These cells are the cones over the 
corresponding (r — l)-dimensional vanishing cycles; see for instance the very similar 
proof in [231 PP- 72-73]). 

The above argument shows that each X n has the homotopy type of a space 
obtained from the smooth fiber H by attaching finitely many r-cells. Therefore, 
7Ti(X n , H) = 0, for all i < r, and the conclusion follows. □ 

3.4. We are now ready to finish the proof of Theorem [Cl 

Part ([1]) . From Lemma I3.3[ and the fact that homotopy groups commute with 
direct limits, it follows that Hi(X, H) = 0, for all % < r. 

Part (j2J). Since, by assumption, r > 3, the exact homotopy sequence of the pair 
(X,H) shows that the inclusion i: H — ► X induces an isomorphism on fundamen- 
tal groups. Referring to diagram (|3J), it follows that ker(/ijj) = iri(X) = ni(H). 
Combining this isomorphism with (j3J) yields the desired conclusion. □ 
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Remark 3.5. In the case when all the isolated singularities of h are non-degenerate, 
the above proof essentially goes back to Lefschetz [21], see Lamotke [20], Section 5 
and Section 8, particularly claim (8.3.2) and its proof. The situation considered there 
corresponds to rational pencils, for which one may decompose the base of the pencil, 
E = P 1 , as the union of two discs glued along their common boundary. Hence, there 
is no need to pass to the universal cover E, as for irrational pencils, thus avoiding 
the difficulty of having to handle infinitely many critical values. 

4. Branched covers and elliptic pencils 

In this section, we construct a family of irrational pencils that satisfy the hypoth- 
esis of Theorem O To obtain these examples, we will replace the products of free 
groups on at least 2 generators appearing within the framework of Bestvina-Brady 
theory (as in §1 .3|) by products of fundamental groups of smooth projective curves 
of genus at least 2 (as in §2.111) . 

4.1. The starting point is a classical branched covering construction. Let E be 
an arbitrary complex elliptic curve. Let B C E be a finite subset, of cardinality 
\B\ =2#-2, with g > 1. Then 

(5) H l {E\B,Z) = H 1 {E,Z)®H^ 3 , 

where the group iff is generated by the homology classes {a b }beB of elementary small 
positive loops around the points of B, subject to the single relation J2 beB a b = 0. 

Let if G Hom(7Ti(i? \ £?),Z/2Z) be any homomorphism with the property that, 
with respect to decomposition (jSJ), 

(6) <p(a b ) = 1, V6 G B. 

The next result is of a well-known type. We include a sketch of proof, for the 
reader's convenience. 

Proposition 4.2. For any choice of B C E and (p as above, there is a projective, 
smooth curve C of genus g, together with a ramified Galois TLjlTL-cover, /: C — > E. 
Furthermore, the map f induces a bisection between the ramification locus R C C 
and the branch locus B C E; the restriction f:C\R~^E\Bis the Galois cover 
corresponding to (p; and f has ramification index 2 at each point of R. 

Proof. Set E* = E\B, and let f*:C*-^ E* be the Galois Z/2Z-cover associated 
to ker (<£>). In view of a classical result of Stein [31], this cover extends uniquely to a 
ramified covering between the respective compactifications, / ' : C — > E. 

By construction, the ramification locus R coincides with the critical set C(f). The 
assertions on the restriction of / to R, and on ramification indices, are straightforward 
consequences of covering space theory. It follows that the ramification divisor of / 
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is J2cen c > whence genus(C) = g, by the Riemann-Hurwitz formula; see for instance 
" p. 142]. □ 



4.3. Let E be an elliptic curve, and fix an integer r > 1. For each index j from 1 
to r, let Bj C E be a finite set with \Bj\ = 2gj — 2 > 0. Choose a homomorphism 
<Pj : H 1 (E\Bj) — > Z/2Z satisfying (jSJ), and denote by fj : Cj E the corresponding 
branched cover (with ramification locus Rj and branch locus Bj), as constructed in 
Proposition 14.21 Note that genus(Cj) = gj > 2. 

Write X = C± x ■ ■ • x C r and E xr = E x ■ ■ • x E, and consider the product mapping 

f = f 1 x-..xf r :X^E* r . 

Set X 1 = Y[j =1 (Cj \ Rj) and Y 1 = Y\ r j=l (E \ B j)- lt follows that / restricts to a 
(Z/2Z) r -covering, f\X\—* Yi, which is determined by the homomorphism 

r 

(7) <^: = X ^ -> (Z/2Z) r . 

4.4. Let S2: B x2 — > -B be the group law of the elliptic curve, and extend it by 
associativity to a map s r : E xr — > B. Using these maps, we may define a holomorphic 
map h as the composite 

(8) h = s r of:X^E. 

The next result shows that h is an elliptic pencil, that is, an irrational pencil over 
an elliptic curve. 

Lemma 4.5. The smooth fiber of h is connected. 

Proof. Let H t = be a smooth fiber of h. In order to show that H t is connected, 

it is enough to check that Hi := H t C\X\ is connected. This is due to the fact that no 
component of H t is contained in a hypersurface of the form {(xi, . . . , x r ) G X | Xj = 
c}. Indeed, such an inclusion would force equality, whence Yjtyj fi(xi) — t — fj(c), 
for all Xi E Ci {i ^ j). Clearly, this is impossible, since r > 2. 

Set Z t = s r T 1 (t). Note that / : Hi — > Z t n Y x is the pull-back of the covering 
/: X\ — > Yi, along the inclusion 1: Z t r\Y x Kx. Therefore, ifi is connected, 
provided the composition Hi(Z t D Yi) -^-> i?i(Yi) — > (Z/2Z) r is onto. To check 
this condition, it is enough to verify that each generator £j G (Z/2Z) r , with 1 in the 
j-th position and elsewhere, lies in the image of ip o t*. 

Pick a point 6° G -Bj. We may then write the generic point t G E in the form 
t = X)i=i*i> with t° = 6° and t° ^ -Bj, if i ^ j. Choose i j and define 7 = 
(71, . . . , 7 r ) : S 1 — > B r as follows: 7, is an elementary small positive loop around 6°; 
7i — + t°j — Ij'i an d Ik is the constant loop at t° k , for 7^ i,j. By our choices, 
[7] will be an element of Hi(Z t n Yi), if 7^ is small enough. Using (jH]) and (JTJ), it is 
readily seen that ^([7]) — Sj. □ 
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Lemma 4.6. The map h: X — ^ E has only isolated singularities; more precisely, 
C(h) = R\ x • • ■ x R r . Moreover, for each p G C(h), the induced function germ, 
h: (X,p) — (C r ,0) — > (E,h(p)) — (C, 0), is a non- degenerate quadratic singularity, 
i.e., an A\- singularity. 

Proof. Let p — (pi, . . . , p r ) G X = C\ x ■ ■ ■ x C r . Then, clearly, im d p f — V\ x • • • x V r , 
where Vj — if pj G C(fj) and Vj — C otherwise. This implies the first claim. 

The second claim follows from the fact that each function germ ff. (Cj,pj) = 
(C, 0) — ► (E,fj(j>j)) = (C, 0), where Pj G Rj, is given in suitable coordinates by 
Xj i ► x], while the germ s r : (E r , (f\( Pl ), f r (p r ))) = (C, 0) -> (£, %)) = (C, 0) 
is given, again in suitable coordinates, by (yi, . . . , y r ) i— > y 1 + ■ ■ ■ + y r . □ 

Remark 4.7. Denote by H t the generic smooth fiber of h, and assume r > 3. Then 
7Ti(H t ) = ker(/i(j), as a consequence of Theorem 1.1 from Shimada [21], combined 
with our Lemmas 14.51 and 14.61 Of course, this also follows from Theorem [UJ Part ([2]). 

It is worth pointing out that our approach provides finer information, at the level of 
cell structures. Indeed, let h : X — > E be an elliptic pencil with only non-degenerate 
singularities, for instance, one of the pencils constructed above. In this case, the 
function g: X — > R, given by g(z) = \h(z)\ 2 , has only Morse singularities of index 
r = dimX on X \ H , as can be seen from the expansion 

(l + Efo + ^yrf) ■ i 1 + X> " v 73 !^) 2 ) = 1 + 2^(x? - y|) + ■ • • . 
j=i j=i j=i 

Since (7 is proper and the closed tube T = (? _1 ([0,e]) is homotopy equivalent to 
the central fiber Hq = 5 ,_1 (0) for e > small enough, it follows from standard Morse 
theory (see [25, 1.3]) that X has the homotopy type of the smooth fiber Hq, with 
countably many r-cells attached. Clearly, these cells are indexed by C(h), the set of 
critical points of h. 

5. Projective groups with exotic finiteness properties 
In this section, we put things together, and finish the proof of Theorem [K\ 

5.1. We start by proving the following theorem. 

Theorem 5.2. Let X be an irreducible, smooth projective variety of dimension r > 3. 
Assume that the universal cover of X is an (r — 2) -connected Stein manifold, and 
that V{{tt\{X)) = T^pf). Let h: X — > E be a holomorphic map to an elliptic curve 
E, with connected smooth fiber H, and with isolated singularities. Then: 

(1) The homotopy groups tt^H) vanish for 2 < i < r — 2, while 7r r _ 1 (i/) 7^ 0. 

(2) The universal cover H is a Stein manifold. 
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(3) The group N = TTi(H) has a K(N, 1) with finite (r — 1)- skeleton, but H r (N, Z) 
is not finitely generated. 

(4) The group N is not commensurable (up to finite kernels) to any group N' 
having a K(N', 1) of finite type. 

Proof. As before, let p: E — > E be the universal cover, and let h: X — > E be the 
pull-back of h along p. The universal cover X —>■ X factors as p o q, where p : X —>■ X 
is the pull-back of p along h, and q: X — > X is the universal cover of X. 

Part ([1]). The vanishing property for the higher homotopy groups is a consequence 
of Theorem O, given our connectivity assumptions on the universal cover X. If 
7r r _i(if) would also vanish, we could construct a classifying space K(N, 1) by at- 
taching to H cells of dimension r + 1 and higher. In particular, iV would be of type 
T r , with finitely generated r-th homology group, contradicting property ([3]), which 
is proved below. 

Part (121) . Since the pair (X, H) is (r — reconnected and r > 3, the universal cover 
if coincides with q~ l (H). This is a closed analytic submanifold of the Stein manifold 
X, hence Stein as well. 

Part ([3]). The group N is of type J- r -\, by the same argument as in the proof of Part 
(Tj[|). Assuming H r (N, Z) to be finitely generated, we infer that dime H< r (N, C) < oo. 

On the other hand, we know from Theorem ICl that hf. ^i{X) — ► 7Ti(E) = Z 2 is 
surjective, and N = ker(h$). But this contradicts Theorem [Bj due to our hypothesis 
on VKTTipT)). 

Part (j3J). Follows from Part ([3]) and Proposition 12.71 □ 

5.3. As a by-product of our Morse-theoretical approach, we can give a precise de- 
scription of both the ZiV-structure of 7r r _i(i7) and the homotopy type of H, in ([T]) 
and ([2]) above. We keep the notation and hypothesis from Theorem 15.21 

Corollary 5.4. Assume that the universal cover of X is r-connected, and the map 
h: X — > E has only non-degenerate singularities. Let C(h) be the set of critical 
points of h, and let H be the smooth fiber of h. Then: 

(1) The homotopy group 7r r _i(if) is a free Ztti(H) -module, with generators in 
one-to-one correspondence with C(h) x tti(E). 

(2) The universal cover H has the homotopy type of a wedge of (r — l)-spheres, 
indexed by tci(H) x C(h) x tci(E). 

Proof. Part (Tj[|). The exact homotopy sequence of the pair (X, H) identifies ir r -i(H) 
with 7r r (A, H), as modules over 1i7Ti(H). Now recall from Remark |4. 71 that X has the 
homotopy type of H, with some r-cells attached. Moreover, these cells are indexed 
by C(h) = p- 1 (C(/i)) = C(h) x tvi(E). Since r > 3, the claim follows from [32J 
Exercise 7.F.3]. 
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Part (J2J). We know from Theorem 15.21 (121) that H is an (r — l)-dimensional Stein 
manifold. Therefore, H has the homotopy type of a CW-complex of dimension at 
most r — 1. Let W be the bouquet of (r — l)-spheres indexed by ni(H) xC(h) xtti(E), 
and let if): W —>■ H be the map whose restriction to each sphere represents the 
corresponding generator of the free abelian group 7r r _i(i?), computed in Part ([TJ. 
By Theorem I5.2K 1T]). TTi(H) = iTi(W) = 0, for 1 < i < r — 2. Moreover, ip induces 
an isomorphism on 7T r _i, by construction. The claim follows from the Hurewicz and 
Whitehead theorems. □ 

Similar highly connected Stein spaces having the homotopy type of bouquets of 
spheres occur in the study of local complements of isolated non-normal crossing 
singularities, see [22], [TTJ. 

5.5. We can now finish the proof of Theorem lAl 

Fix an integer r > 3, and let E be an elliptic curve. For each index j from 1 to r, 
construct a 2-fold branched cover fj : Cj — > E, with Cj a curve of genus at least 2, 
as in §4.31 The product X = Ylj=i ^ s a smooth, projective variety of dimension 
r, whose universal cover is a contractible, Stein manifold. By Corollary 12. 14K IT1). the 
characteristic variety V[(7i"i(X)) coincides with the character torus T^pn. 

Now define a holomorphic map h : X — *■ E as in ([S]) ■ By Lemmas 14.51 and 14.6} the 
smooth fiber of h is connected, and h has only isolated, non-degenerate singularities. 
Thus, the hypotheses of Theorem 15.21 hold. The conclusions of Theorem [A] follow at 
once from Theorem 15.21 □ 

For this class of examples, the conclusions of Corollary 15.41 are valid as well. 

5.6. The Stein condition influences another fmiteness property of projective groups, 
namely, their cohomological dimension. 

Proposition 5.7. Let M be a compact connected, m- dimensional complex analytic 
manifold, and let G = tti(M). // the universal cover M is Stein, then cd(G) > m. 

Proof. Let k: M — > K(G, 1) be a classifying map, with homotopy fiber M. Let us 
examine the associated Serre spectral sequence, 

E 2 st = H S (G, H t (M, Z)) H s+t (M, Z) . 

Since M is Stein, it has the homotopy type of a CW-complex of dimension at most 
m. Therefore, E 2 st = 0, for t > m. Assuming cd(G) < m, we infer that E 2 st = 0, for 
s > m. These two facts together imply that H2 m (M, Z) = 0, a contradiction. □ 

A related statement holds for the smooth fiber H from Theorem 15.21 cd(7i"i(-ff)) > 
dim if + 1, as follows from Part ([3]). 
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